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Eigenfunctions of disordered and chaotic systems are of great interest in many branches of physics such as condensed matter physics, nuclear physics, chemical physics, etc., in particular, in the new developing field of quantum chaos [1] [2] [3] . However, although eigenfunctions contain more information than eigenenergies, much less has been studied compared with the eigenenergies.
The mostly studied property of the eigenfunctions in chaotic systems is the statistics of intensity of wave functions |ψ| 2 , which has been found to be the Porter-Thomas distribution for time-reversal invariant systems, as predicted by the Random Matrix Theory (RMT) [4] , and confirmed numerically and experimentally [5] .
In this letter, we would like to propose a new statistics for eigenfunctions, i.e., the statistics of ratio of components. We shall study this quantity in a wide range of chaotic and disordered models, such as the Random Matrix Model (RMM) [6] , Band Random Matrix Model (BRMM) [7] , the Lipkin model [8] with chaotic behavior in the classical limit, a chaotic quantum billiard model [9] and a 1D tight binding model in the case of weak disorder [10] . As we shall see later that this quantity gives information for local fluctuation properties of wave functions and the form of its distribution is related to properties of the perturbation of the models studied.
This new statistics is found analytically to be of a Lorentzian distribution for the RMM. Based on this fact, it seems reasonable to conjecture that the distribution of ratio of components of eigenstates on any two basis states is of the Lorentzian form for chaotic and disodered systems. Our numerical results on several models support this conjecture for ratio of components on basis states coupled by perturbation. .
In fact, the relationship between the distribution and the Lorentzian distribution is determined by the Hamiltonian structure and the perturbation strength. Without loss of generality, the Hamiltonians discussed in this letter can be written in the form
where λ is a parameter for adjusting the strength of the perturbation. Eigenvectors of H 0 and H will be denoted by |i and |α in what follows, respectively, i.e.,
for i and α = 0, 1, 2, · · · , N and E α in increasing order. The component of an eigenstate |α on a basis state |i will be denoted as C αi , C αi = i|α . For simplicity, we consider only the cases that both H and H 0 are time-reversal invariant, so that C αi are real. The quantity of interest here is the ratio of components of eigenfunctions, i.e., p α,(i,j) = C αi /C αj with j being a function of i. For example, for j = i + 1, p α,(i,j) is the ratio of nearest components. The distribution of p α,(i,j) for all the possible i of an eigenfunction, or of eigenfunctions with eigenenergies in some energy region, will be denoted by f E (p) (the subscript E will be omitted for brevity in what follows). Random Matrix Model (RMM). -We start our discussion with the RMM [6] . Choosing λ = 1 in Eq. (1) and taking the matrix elements of H 0 and V in the H 0 representation to be real random numbers with Gaussian distribution ( H 2 ik = 1), one has the Gaussian orthogonal ensemble (GOE). The joint distribution of C i and C j for an arbitrary eigenfunction is (the subscript α has been omitted for brevity)
(see ref. [2] ). Then, the distribution f (p) can be readily obtained
That is to say, the distribution of ratio of any two components of all the eigenfunctions for GOE is a Lorentzian distribution.
Since the distribution of components of chaotic eigenfunctions is usually a Gaussian distribution as predicted by the RMM, it is natural to conjecture that the distribution of the ratio of any two components of chaotic eigenfunctions may also be the Lorentzian distribution f GOE (p). However, for two dynamical models with chaotic behavior in the classical limit, it has been found numerically that f (p) is generally not f GOE (p), but instead of a more general form of the Lorentzian distribution
where a = √ 1 − s 2 and s is a parameter. In fact, f L (p) can be obtained under a condition more general than the RMM. Consider a distribution f (p) for p and the distribution F (q) for q = 1/p. If F (q) has the same form as f (p), i.e., F (q) = f (q), and 1/f (p) can be expanded as a Taylor series
. This can be proved easily by making use of the relation between F (q) and f (p) required by q = 1/p, i.e., F (q) =
-The first dynamical model employed in the letter for testing our conjecture is a three-orbital schematic shell model, called the Lipkin model, which is bounded and conservative. In this model there are totally Ω particles distributed in three orbitals. Both the quantum and the corresponding classical dynamics of the model have already been known quite clearly (see, e.g., [11, 12] ). The Hamiltonian used in Ref. [12] has the form of Eq. (1) with
where
Here ǫ i and µ t are parameters given in [12] , for which the system is almost chaotic when λ = 2. The operators K 00 , K 11 and K 22 are particle number operators of the orbitals 0, 1 and 2, and K rs for r = s are particle raising and lowering operators, respectively. The eigenstates of
, where C(m, n) is the normalization coefficient, m and n are particle numbers of the orbitals 1 and 2, respectively. The total particle number is conserved and as a result the particle number of the orbital 0 is Ω−m−n. In our calculation we take Ω = 40 and the dimension of the Hilbert space is N = (Ω + 1)(Ω + 2)/2 = 861.
The basis states |mn can also be labeled in energy order as |i . In |i -representation, the Hamiltonian matrix is banded [12] . For convenience, we can put the two labels together, i.e., we can use m i and n i to indicate particle numbers of the orbital 1 and 2, respectively, for the basis state |i . Eqs. (7) tells that the perturbation couples only four kinds of basis states with definite values of ∆m = m i − m j and ∆n = n i − n j . Concretely, V t fort = 1, 2, 3, 4 couples basis states with ∆m = ±2, ∆n = 0 for t = 1; ∆m = 0, ∆n = ±2 for t = 2; ∆m = ±1, ∆n = ∓2 for t = 3 and ∆m = ±2, ∆n = ∓1 for t = 4, respectively.
When λ = 2, in the middle energy region the nearest-level-spacing distribution of the Lipkin model is close to the Wigner distribution and the underlying classical dynamics is chaotic (with only few quite small regular islands). It is of interest to study what is the form of the distribution f (p) in this case. First we study f (p) for components of eigenstates on basis states coupled by the perturbation. In Fig. 1(a) Fig.  1(a) is the best fitting curve of the Lorentzian form f L (p). The central parts of the f (p) and the fitting curve are presented in the inset of Fig. 1(a) in the ordinary scale. Clearly the distribution f (p) is of a quite good Lorentzian form. Similar results have also been obtained for ratio of components on basis states coupled by the other three V t , i.e., their f (p)'s are also of quite good Lorentzian form. We would like to mention that the f (p) distribution in Fig. 1(a) is not so close to f GOE (p).
For components of eigenstates on basis states not coupled directly by the perturbation, the f (p) deviates from the Lorentzian form notably when λ = 2. Since every two basis states can be coupled by products of V t , the minimum number of the terms of the product of V t for coupling two basis states |i and |j , denoted by M(i, j), is a natural measure for the "distance" between |i and |j from the view point of coupling by perturbation. For the Lipkin model of λ = 2, as mentioned above, when M(i, j) = 1 the form of f (p) for the corresponding basis states is close to the Lorentzian form f L (p) as shown in Fig. 1(a) . When M(i, j) is larger than 1, it has been found that the corresponding f (p) will deviate from f L (p) more obviously and, when M(i, j) << Ω, the larger M(i, j) is, the larger the deviation is. In Fig. 1(b) an example is given for the case of m i − m j = ±7 and n i − n j = 0. Deviation of f (p) (dots) from the Lorentzian fitting curve (solid line) is quite obvious.
We would like to stress that it is not impossible for the form of f (p) for M(i, j) > 1 to be close to the Lorentzian distribution. In fact, when we increase the value of λ further, the deviation from f L (p) will become smaller. For example, when λ = 6 the forms of f (p) for M(i, j) = 2 can be fitted as well as the f (p) in Fig. 1(a) by the Lorentzian distribution f L (p). Another thing we would like to point out is that in the case of weak perturbation, i.e., in perturbative region, all the f (p) distributions deviate notably from the Lorentzian distribution f L (p).
Band Random Matrix Model. The difference shown above between the distribution f (p) of the Lipkin model and the f GOE (p) for the RMM can be attributed to the band structure of the Hamiltonian matrix of the Lipkin model in H 0 representation. To support this conjecture we have studied the Band Random Matrix Model (BRMM). For this model we take λ = 1 in Eq. (1) and H ik being real random numbers with Gaussian distribution ( H 2 ik = 1) for |i − k| ≤ b and zero otherwise. When b > 1, numerically it has been found that for ratio of components of eigenstates on basis states |i and |j coupled by the perturbation, the distribution f (p) are very close to f GOE (p), just as for the case of GOE. When M(i, j) is larger than b, obvious deviation of the f (p) from f GOE (p) will emerge and enlarge gradually as |i − j| increases. An example is given in Fig. 1(c) for b = 5 and i − j = ±20, in which the difference between the distribution f (p) (dots) and the fitting curve of the Lorentzian form (solid line) is quite clear. To obtain this f (p) we have diagonalized 20 realizations of the band random matrix with N = 1000 and taken 40 eigenfunctions (α = 451 ÷ 490) for each realization. When λ is increased, as for the Lipkin model, more f (p) distributions will be able to be fitted well by the Lorentzian distribution.
A difference between f (p) of the Lipkin model and that of the RMM is that the peaks of the former one are usually not at p = 0. As discussed above, the form of f (p) for nearest components (when b > 1) for the BRMM is quite close to that of f GOE (p), so its peak is also at p = 0. Since the average value of V ik for the Lipkin model is not zero, we have tried to add a constant to all the non-zero off-diagonal elements V ik for the BRMM and found that the peak of f (p) shift from p = 0 (see Fig. 1(d) , for which data have been obtained in a similar way as for Fig. 1(c) ). Interestingly, for the RMM even when off-diagonal elements are added by a constant the f (p) obtained by numerical calculation is still very close to f GOE (p). Another interesting point we would like to stress is that after changing random numbers with Gaussian distribution in both the RMM and the BRMM to random numbers with uniform distribution in the region of [−1, 1], the above mentioned features of f (p) still exist.
Chaotic Quantum Billiard. -Chaotic quantum billiards have been widely studied as a prototype of quantum chaos. We take the Bunimovich stadium [9] as an example. We have calculated a chaotic odd-odd wave function of a stadium with radius R = 1 and a = 1. The wave function is shown in the inset of Fig. 2(a) . For this wave function the statistics of the intensity |ψ| 2 is a Porter-Thomas distribution, and the statistics of ψ is Gaussian. The distribution f (p) for p = ψ(x, y)/ψ(x, y + δy) with a fixed δy larger than the wavelength is shown in the figure, which is found to be a very good Lorentzian.
1D Tight Binding Model. -Finally, although statistical properties of spectra and distribution of components of eigenfunctions for classically chaotic quantum systems are quite different from those of the 1D tight binding model (Anderson model) in the case of weak disorder, it has been found that for the later the distribution of ratio of components on basis states coupled by perturbation is also close to the Lorentzian distribution. For this model we take v ik = δ i,k+1 + δ i,k−1 and E 0 i being random numbers with flat distribution in the region [−1/2, 1/2]. Detailed discussion for distribution of ratio of nearest components for this model will be given in another paper. Here we only give an example in Fig. 2(b) for the case of λ = 1.0. Data have been obtained from diagonalizing 30 Hamiltonian matrices (N = 1000) with different realization of the random diagonal elements and taking 20 eigenfunctions with eigenenergies around 1.0 for each matrix. The agreement between the f (p) distribution (dots) and the fitting curve of the Lorentzian form f L (p) (solid lines) is quite obvious.
In conclusion, we have shown that for all different chaotic and disordered models we studied, when perturbation is strong the distribution f (p) of ratio of components of eigenstates on basis states coupled by perturbation is Lorentzian. The relationship between the distribution f (p) for basis states not coupled by perturbation and the Lorentzian distribution is affected by the perturbation strength. Therefore, the form of the distribution f (p) can give information for both the Hamiltonian structure and the perturbation strength. We are very grateful to Profs. Guang-shan Tian and Pei-qing Tong for valuable discussions. This work was supported by grants from the Hong Kong Research Grant Council (RGC), the Hong Kong Baptist University Faculty Research Grant (FRG), Natural Science Foundation of China and the National Basic Research Project "Nonlinear Science", China. 
